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$\Omega\subset R^{n}(n=2)$ . $u_{i}(i=1,2)[\mathrm{m}]$ $x_{i}$
, $\epsilon_{ij}$ $ij$ , $\sigma_{ij}$ $ij$ . $\Omega$
, - , - ,
$\epsilon_{\dot{\iota}j}=\frac{1}{2}$ $(u_{i,j}+u_{j},:)$ , $\sigma_{1j}.=\frac{E}{1+\nu}\epsilon_{ij}+\frac{\nu E}{(1-2\nu)(1+\nu)}\epsilon_{kk}\delta_{j}.\cdot$ . ’, $j$ ’
\partial / xj , $E[\mathrm{G}\mathrm{P}\mathrm{a}]$ Young , $\rho$ $[\mathrm{k}\mathrm{g}/\mathrm{m}^{3}],$ $\nu$ Poisson .
, :
$\rho\ddot{u}_{i}=\sigma_{\dot{\iota}j,j}$ in $\Omega\cross(0, T]$ , (1)
’ $\cdot$ ’
$/\partial t$ , $T>0$ . Young $E$
,
$E(x)\geq C>0$ for all $x\in\Omega$ (2)
. $C$ , . , $u_{i}(\cdot, 0)|_{\Omega}$ ,
$\dot{u}_{i}(\cdot, 0)|_{\Omega}$ , $\rho(x)$ , Poisson $\nu(x)$ .
, [2], [5] ,
[9]. ,
:
(IP) $N$ $\overline{u}_{\dot{l}}^{(m)}$ , $\overline{S}_{i}^{(m)}(m=1,2, \ldots, N)$ Young
$E(x)$ .
(IP) , .
$\{\overline{u}_{i}^{(k)}, \overline{S}_{i}^{(k)}\}_{k=0,1,2},\ldots$ [5] [8] ,
.








(1) , Young $E$ $\overline{u}_{i}^{(m)}$
, $u_{i}^{(m)}[E]$ . $\epsilon_{ij}^{(m)}[E],$ $\sigma_{ij}^{(m)}[E]$ ,
$u_{i}^{(m)}[E]$ , $ij$ .
Young $E$ ,
: $J$ $E(E(x)\geq C>0)$ .
$J(E)= \frac{\overline{\eta}}{N}\sum_{m=1}^{N}\int_{0}^{T}\int_{\partial\Omega}|S_{i}^{(m)}[E]-\overline{S}_{i}^{(m)}|^{2}dsdt$ ,
$S_{1}^{(m)}.[E]:=\sigma_{\dot{\iota}j}^{(m)}[E]n_{j}$ , $u_{*}^{(m)}.[E]$ , $\overline{\eta}$ $\Omega$
. , $J(E)=0$ $E$ , (IP) .
, [3].








$J(E+ \delta E)-J(E)=\int_{\Omega}J’(E)\delta Edx+o(||\delta J||_{L^{2}(\Omega)})$ (4)
. $||\cdot||_{L^{2}(\Omega)}$ , $L^{2}$ $||f||_{L^{2}(\Omega)}=( \int_{\Omega}|f|^{2}dx)^{\frac{1}{2}}$ . $\alpha\iota$ ,
$0<\alpha\iota\leq 1$ . Young (2)
, (3) $E_{l}$ .
(3) , $J’$ .
(4) , .
$E$ (2) , $\delta E$ $E(x)+\delta E(x)\geq C$
.
$J(E+\delta E)-J(E)$ .
$= \frac{\overline{\eta}}{N}\sum_{m=1}^{N}[\int_{0}^{T}$ 1 $\{2(S_{\dot{l}}^{(m)}[E]-\overline{S}!^{m)}.)\}\delta S_{1}^{(m)}.dsdt+\int_{0}^{T}$ t $|\delta S_{\dot{l}}^{(m)}|^{2}dsdt]$ (5)
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$\rho..i=\hat{\sigma}_{ij,j}^{(m)}(m)$ in $\Omega\cross[\mathrm{O}, T)$ ,
$\hat{\epsilon}_{ij}^{(m)}=\frac{1}{2}(v_{i,j}^{(m)}+v_{j,i}^{(m)})$ in $\Omega\cross[0, T)$ ,
$\hat{\sigma}_{ij}^{(m)}=\frac{E}{1+\nu}\hat{\epsilon}!_{j}^{m)}.+\frac{\nu E}{(1-2\nu)(1+\nu)}\hat{\epsilon}_{kk}^{\langle m)}\delta_{ij}$ in $\Omega \mathrm{x}[0, T)$ ,
$v_{i}^{(m)}=w_{\dot{\iota}}^{(m)}$ , $\dot{v}_{\dot{l}}^{(m)}=0$ on $\Omega\cross\{T\}$ ,




$\tilde{\sigma}_{ij,j}^{(m)}=0$ in $\Omega$ ,
$\in_{ij}=\frac{1}{2}\sim(m)(w_{i,j}^{(m)}+w_{j,i}^{(m)})$ in $\Omega$ ,
$\tilde{\sigma}_{ij}=\frac{E}{1+\nu}(m)\tilde{\epsilon}_{ij}+\frac{\nu E}{(1-2\nu)(1+\nu)}(m)\epsilon_{kk}\delta_{ij}\prec m)$ in $\Omega$ ,
$w_{i}^{(m)}=2(S_{i1E](\cdot,T)-S_{i}^{m)}(\cdot,T))}^{(m)\dashv}$ on $\partial\Omega$ .
(7)
. (5), (6)
$J(E+ \delta E)-J(E)=\frac{\overline{\eta}}{N}\sum_{m=1}^{N}[\int_{0}^{T}\int_{\partial\Omega}v_{1}^{(m)}.\delta\sigma_{ij}^{(m)}n_{j}dsdt+\int_{0}^{T}\int_{\partial\Omega}|\delta S_{\dot{l}}^{(m)}|^{2}dsdt]$ (8)
. $\delta\sigma_{\dot{*}j}^{(m)}:=\sigma_{\dot{\iota}j}^{(m)}[E+\delta E]-\sigma_{\dot{\iota}j}^{(m)}[E]$ .
Gauss , $m$ ,
$\int_{0}^{T}\int_{\Omega}v_{\dot{l}}^{(m)}\delta\sigma_{ij}^{(m)}n_{j}dsdt=\int_{0}^{T}\int_{\Omega}\hat{\epsilon}_{ij}^{\langle m)}\delta\sigma_{ij}^{(m)}dxdt+\int_{0}^{T}\int_{\Omega}v_{i}^{(m)}\rho\dot{\delta}.u!^{m)}.dxdt$
. $\delta u_{\dot{\iota}}^{(m)}:=u_{i}^{(m)}[E+\delta E]-u_{i}^{(m)}[E]$ . Hooke
$\delta\sigma_{ij}^{(m)}\hat{\epsilon}_{ij}^{(m)}=\{\frac{\delta E}{1+\nu}\hat{\epsilon}_{\dot{0}j}^{(m)}+\frac{\nu\delta E}{(1-2\nu)(1+\nu)}\hat{\epsilon}_{1l}^{\langle m)}\delta_{ij}\}\epsilon_{ij}^{(m)}[E]$
$+ \{\frac{\delta E}{1+\nu}\hat{\epsilon}_{1j}^{\langle m)}.+\frac{\nu\delta E}{(1-2\nu)(1+\nu)}\hat{\epsilon}_{ll}^{(m)}\delta_{ij}\}\delta\epsilon_{ij}^{(m)}+\hat{\sigma}_{\dot{\iota}j}^{(m)}\delta\in!_{j}^{m)}.$ .
. , $m$ ,
$\int_{0}^{T}\int_{\partial\Omega}v_{1}^{(m)}.\delta\sigma_{\dot{l}j}^{(m)}n_{j}dsdt$
$= \int_{0}^{T}\int_{\Omega}\delta E\{\frac{1}{1+\nu}\hat{\epsilon}!_{j}^{m)_{\frac{\nu}{(1-2\nu)(1+\nu)}\hat{\epsilon}_{kk}^{(m)}\delta_{\dot{*}j}}}.\mathrm{I}^{\mathrm{g}}!_{j}^{m)}.d_{X}dt$
$+ \int_{0}^{T}\int_{\Omega}\delta E\{\frac{1}{1+\nu}\hat{\epsilon}_{ij}^{\langle m)}+\frac{\nu}{(1-2\nu)(1+\nu)}\hat{\epsilon}_{kk}^{\{m)}\delta_{j}.\cdot\}\delta\epsilon_{1j}^{(m)}.dxdt$
$+ \int_{0}^{T}\int_{\Omega}\hat{\sigma}_{\dot{*}j}^{(m)}\delta\epsilon_{ij}^{(m)}dxdt+\int_{0}^{T}\int_{\Omega}v_{\dot{\iota}}^{(m)}\rho\dot{\delta}.u_{i}^{(m)}dxdt$ (9)
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. Gauss $\delta u_{i}^{(m)}|_{\partial\Omega \mathrm{x}(0,T]}=0,$ $\hat{\sigma}_{ij,j}^{(m)}|_{\Omega\cross[0,T)}=\rho\ddot{v}_{i}^{(m)}|_{\Omega\cross[0,T)}$
,
$\int_{0}^{T}\int_{\Omega}\hat{\sigma}_{ij}^{(m)}\delta\epsilon_{ij}^{(m)}dxdt=\int_{0}^{T}(\int_{\partial\Omega}(\hat{\sigma}_{ij}^{(m)}n_{j})\delta u_{i}^{(m)}dsdt-\int_{\Omega}\hat{\sigma}_{ij,j}^{(m)}\delta u_{i}^{(m)}dx)dt$
$=- \int_{0}^{T}\int_{\Omega}\rho\ddot{v}_{i}^{(m)}\delta u_{i}^{(m)}dxdt$ . (10)
(9) (10) ,
$0T \int_{\partial\Omega}v_{i}^{(m)}\delta\sigma_{\dot{\mathrm{t}}j}^{(m)}n_{j},$ $dsdt$
$= \int_{0}^{T}\int_{\Omega}\delta E\{\frac{1}{1+\nu}\hat{\epsilon}_{\dot{\iota}j}^{\langle m)}+\frac{\nu}{(1-2\nu)(1+\nu)}\hat{\epsilon}_{kk}^{\langle m)}\delta_{\dot{l}j}\}\epsilon_{1j}^{(m)}.dxdt$
$+ \int_{0}^{T}\int_{\Omega}\delta E\{\frac{1}{1+\nu}\hat{\epsilon}!_{j}^{m)}.+\frac{\nu}{(1-2\nu)(1+\nu)}\hat{\epsilon}_{kk}^{(m)}\delta_{*j}.\}\delta\epsilon_{1j}^{(m)}.dxdt$
$+ \int_{0}^{T}\int_{\Omega}\{v_{\dot{l}}^{(m)}\rho\dot{\delta}.u_{i}^{(m)}-\rho\ddot{v}_{i}^{(m)}\delta u^{(m)}.\cdot\}dxdt$. (11)
( $\delta u_{i}^{(m)}(x, 0)=0,$ $\delta.u_{i}^{(m)}(x, 0)=0,$ $v_{\dot{*}}^{(m)}(x, T)=w_{i}^{(m)}(x)$ , $\dot{v}_{\dot{\iota}}^{(m)}(x, T)=0$
$\text{ }\mathrm{B}\backslash \text{ }$ ,
$\int_{0}^{T}\int_{\Omega}\{v_{i}^{(m)}\rho\dot{\delta}.u!^{m)}.-\rho\ddot{v}_{i}^{(m)}\delta u_{i}^{(m)}\}dxdt=\int_{\Omega}w_{i}^{(m)}(x)\rho(x)\dot{\delta}u!^{m)}.(x, T)dx$ . (12)
$1_{\vee}f^{-}.\mathrm{B}_{1\vee\supset}^{\theta}$ (11) (12) $\mathrm{e}\mathrm{k}\text{ },$ $\text{ }\wedge^{\backslash }\text{ }\backslash \text{ }ml\llcorner \mathrm{X}\backslash \}\text{ }$ ,
$\int_{0}^{T}\int_{\partial\Omega}v_{i}^{(m)}\delta\sigma_{1j}^{(m)}.n_{j}dsdt$
$= \int_{0}^{T}\int_{\Omega}\delta E\{\frac{1}{1+\nu}\hat{\epsilon}_{ij}^{(m)}+\frac{\nu}{(1-2\nu)(1+\nu)}\hat{\epsilon}_{kk}^{\langle m)}\delta_{ij}\}\epsilon_{ij}^{(m)}dxdt$
$+ \int_{0}^{T}\int_{\Omega}\delta E\{\frac{1}{1+\nu}\hat{\epsilon}!_{j}^{m)}.+\frac{\nu}{(1-2\nu)(1+\nu)}\hat{\epsilon}_{kk}^{(m)}\delta_{\dot{\iota}j}\}\delta\in!_{j}^{m)}.dxdt$





$+ \frac{\overline{\eta}}{N}\sum_{m=1}^{N}\int_{0}^{T}\int_{\Omega}\delta E\{\frac{1}{1+\nu}\hat{\epsilon_{*j}}.+\frac{\nu}{(1-2\nu)(1+\nu)}\hat{\epsilon}_{kk}^{\langle m)}\delta_{1j}.\}\delta\epsilon!_{j}^{m)}.dxdt$
$+ \frac{\overline{\eta}}{N}\sum_{m=1}^{N}\int_{\Omega}w_{\dot{\iota}}^{(m)}(x)\rho(oe)\delta.u_{\dot{*}}^{(m)}(x, T)dx+\frac{\overline{\eta}}{N}\sum_{m=1}^{N}\int_{0}^{T}\int_{\partial\Omega}|\delta S_{\dot{l}}^{(m)}|^{2}dsdt$ .
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, ,
$\int_{0}^{T}\int_{\Omega}\delta E\{\frac{1}{1+\mathfrak{l}J}\hat{\epsilon}_{ij}^{\{m)}+\frac{\nu}{(1-2\nu)(1+\nu)}\hat{\epsilon}_{k^{n}h}^{\langle m)}.\delta_{ij}\}\delta\epsilon_{ij}^{(m)}dxdt=o(||\delta E||_{L^{2}(\Omega)})$ ,
$0T \int_{\partial\Omega}|\delta S_{i}^{(m)}|^{2}dsdt=o(||\delta E||_{L^{2}(\Omega)})$
. ,
$J(E+\delta E)-J(E)$
$= \frac{\overline{\eta}}{N}\sum_{m=1}^{N}\int_{0}^{T}\int_{\Omega}\delta E\{\frac{1}{1+\nu}\hat{\epsilon}!_{j}^{m)}.+\frac{\nu}{(1-2\nu)(1+\nu)}\hat{\epsilon}_{kk}^{\langle m)}\delta_{ij}\}\epsilon_{\dot{t}j}^{(m)}dxdt$










. (15) , . , Young (2)
, $E_{l}$ .
(IP) , :
1. Young $E_{0}(E_{0}(x)\geq C>0)$ .
2. $l=0,1,2,$ $\ldots$ &
(a) $N$ , $\epsilon!_{j}^{m)}.[E_{l}]$ $S_{\dot{\iota}}^{(m)}[E_{l}]$ .
(b) $N$ (7) , $w_{\dot{\iota}}^{(m)}[E_{l}]$ .
(c) $N$ (6) , $\hat{\epsilon}_{j}^{(m)}.\cdot[E_{l}]$ .
(d) $\overline{J}(E_{l})$ .
(e) $\overline{d}_{l}$ .
(f) Young $E_{l}$ : $E_{l+1}=E_{l}-\alpha_{l}\overline{d}_{l}$ .
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3
. $\Omega$ $L=1[\mathrm{m}]$ ,
$\rho=1.0\cross 10^{3}[\mathrm{k}\mathrm{g}/\mathrm{m}^{3}]$ , Poisson $\nu=0.3$ . Young $E[\mathrm{G}\mathrm{P}\mathrm{a}]$
$E(x_{1}, x_{2})=0.5e^{-20(x_{1}^{2}+x_{2}^{2})}+2.0$
( 1) . $\Omega$ , :
$\overline{\eta}=\sqrt{\frac{E}{2\rho(1+\nu)}}|_{\partial\Omega}=8.77\cross 10^{2}[\mathrm{m}/\mathrm{s}]$ .
, $T=2.6/\overline{\eta}=2.96\cross 10^{-3}$ . $u_{i}^{(m\prime}(\cdot, 0)|_{\Omega}=0.0$,
$\dot{u}_{\dot{*}}^{(m)}(\cdot, 0)|_{\Omega}=0.0$ . (2) $C$ , 1.9[GPa] .
, $\overline{S}_{i}^{(m)}|_{\partial\Omega_{m}\mathrm{x}(0,T]}=-p(t)n_{\dot{l}},$ $\overline{S}_{i}^{(m)}|_{(\partial\Omega 3\delta\overline{\Omega_{m}})\mathrm{x}(0,7]}=0.0$










. $N=3$ . ,
Newmark , ( 2) |$\sqrt$ ‘ .
1: Ymng 2: (5250 )
Young $E_{0}$ 2.15 [GPa] , 3 .
, 4 , 6.76 %



























3: Young (29 ) 4:
, Young .
, Young , . ,
Young $\llcorner$ , .
$\Omega$ $L=1[\mathrm{m}]$ , $\rho=1.0\cross 10^{3}[\mathrm{k}\mathrm{g}/\mathrm{m}^{3}]$ , Poisson $\nu=0.3$




( 5) . $\overline{\eta}$ ,
$\overline{\eta}=\sqrt{\frac{E}{2\rho(1+\nu)}}|_{\partial\Omega}=8.77\cross 10^{2}[\mathrm{m}/\mathrm{s}]$
. , $T=2.6/\overline{\eta}=2.96\cross 10^{-3}$ . $u_{\dot{*}}^{(m)}(\cdot, 0)|_{\Omega}=$
$0.0$ , $\dot{u}_{\dot{l}}^{(m)}(\cdot, 0)|_{\Omega}=0.0$ . (2) $C$ , 19[GPa] .
, Newmark , ( 6)
, . $N=3$ .
5: Young 6: ( : 6250)
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Young $E_{0}$ 20[GPa] , 7




. , Young ,
.
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